The Schur algebra is the algebra of operators which are bounded on ℓ 1 and on ℓ ∞ . In [ShS], Sun conjectured that the Schur algebra is inverseclosed. In this note, we disprove this conjecture. Precisely, we exhibit an operator in the Schur algebra, invertible in ℓ 2 , whose inverse is not bounded on ℓ 1 nor on ℓ ∞ .
The Schur algebra is the unital algebra of infinite matrices whose rows and columns are uniformly bounded in ℓ 1 . Such matrices define operators which are uniformly bounded on ℓ p for all 1 ≤ p ≤ ∞. In this short note, we prove the following Theorem. There exists an infinite symmetric matrix M = {m i,j } i,j∈N such that
• the support of each row and each column has cardinality 4,
Proof: Let us consider a finitely generated group G, equipped with a probability measure µ on G such that µ(g) = µ(g −1 ) for all g ∈ G, and such that the support of µ is finite and generates the group G. Let M be the operator of convolution by µ on ℓ 2 (G), i.e.
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Up to enumerate the elements of G, one can see M as an infinite matrix. Note that the cardinality of the support of both the rows and the columns of M is simply the cardinality of the support of µ. Let us check that if G is infinite, then the convolution by µ is never invertible in ℓ ∞ . Note that since it is self-adjoint, it is neither invertible on ℓ 1 . Let S be the support of µ. The word metric on G is defined as follows:
The ball B(e, n), of radius n and centered on the neutral element e is therefore the set of all g which can be written as a product of at most n elements of S.
For each n ≥ 1, let f n be the function measuring the distance to the complement of B(e, n) in G, i.e.
Obviously, f n is a 1-Lipschitz function on (G, d S ). Therefore, by definition of M, one has that |(I − M)(f n )(g)| ≤ 1 for all g ∈ G. But on the other hand, f n (e) = n, so we obtain the following inequality
which tends to 0 when n → ∞. Hence I − M is not (left) invertible in ℓ ∞ . On the other hand, by a classical result of Kesten 1 [Kest] , the group G is nonamenable if and only I − M is invertible in ℓ 2 (G). The most classical example of a non-amenable group is the free group with two generators x, y . Taking µ such that µ(x) = µ(y) = 1/4, one gets the precise statement of the theorem.
Remark 0.1. In the case of the free group with 2 generators, and for µ as above, one has (I −M) [Kest] . Note that this norm is just the inverse of the smallest real eigenvalue of the so-called discrete Laplacian ∆ = I − M on the Cayley graph of the free group x, y (which is a 4-regular tree). Another formulation of Kesten's theorem is that a finitely generated group is non-amenable if and only if any (resp. one) of its Cayley graphs has a spetral gap (i.e. this first eigenvalue is non-zero).
